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Global investigation of the influence of the phase of subharmonic excitation of a driven system
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Adding a small subharmonic perturbation to the driving signal of a modulated laser allows one to control its
dynamics. The influence of the phase of such a perturbation has been investigated both experimentally and by
numerical simulations on a model of a fiber laser subjected to pump modulation. Depending on the operating
conditions, the laser destabilizes through a period-doubling cascade or via quasiperiodicity. Suitably phased
subharmonic perturbations can stabilize periodic orbits, shift the whole bifurcation diagram, and induce new
crises. Experimental observations are in excellent agreement with the predictions from a simple model of the
fiber laser[S1063-651X97)09607-4

PACS numbd(s): 05.45+b

I. INTRODUCTION namics of the systeif®]. Yang, Qu, and Hu recently studied
numerically the phase effect of a second periodic forcing in

Dynamics of nonlinear systems may be strongly affectedhe Duffing equatiofi10]. A bifurcation analysis of two-tone
by a small perturbation of some control parameter. This efmodulation of the fiber laser has recently been done by New-
fect depends strongly on the characteristics of the perturbaell et al.[11]. They concentrated on the analysis of a second
tion and on the dynamical regime of the system under consubharmonic modulation in the vicinity of tHe2T bifurca-
sideration. For instance, the system is expected to bgion and have been able to derive analytical expressions for
extremely sensitive to any perturbation in the vicinity of athe laser response in these conditions. Closely related works
bifurcation point. Moreover, since Ott, Grebogi, and Yorke concern the influence of a very small detuning between the
proposed an algorithm to keep a chaotic system on one of th@ain modulation and the subharmonic one, i.e.,
unstable periodic orbits that are embedded inside a chaotj€)/n—'|<(Q, since such a detuning may be regarded as a
attractor, there has been a great deal of interest in the contrgmall drifting phasd12,13. Let us emphasize that the am-
of chaog[1]. Basically, weak feedback using information on plitude of this second perturbation is always much—
the dynamical state of the system allows one to control anéypically 40 times—smaller than the maidriving) pertur-
to lock it in an unstable periodic orbit. This idea triggered abation which places the system in a highly nonlinear domain.
lot of experiments and variants in all the domains of appli- Most of the previous works on the effect of a second
cation of nonlinear dynamics, e.g., chemical reactions, magperturbation considered lacal point of view in the param-
netoelastic ribbons, lasers, etc. These methods comprise teeer space, i.e., fixed values of the parameters. Here the in-
feedback techniques that control nonlinear dynamics. Nonfluence of the phase is mogobally investigated, i.e., we
feedback techniques in which some parameter is externallijave studied the effects for second and fourth subharmonic
driven, often by an externally applied sinusoidal signal, havenodulations in a driven system by measuring changes in full
also recently received renewed interest. They are known tpifurcation diagrams. Specifically, our experiments and nu-
induce spectacular effects. In particular, it has been observaglerical simulations concentrate on two kinds of transitions
that a small modulation may suppress or induce ch2e$].  to chaos, namely, when the system evolves to chaos either

A nonfeedback control method can be modeled in a systhrough a cascade of period-doubling bifurcations or through

tem driven by a sinusoidal modulatioRcod)7 as quasiperiodicity. The experiments have been made on a
_ Nd3*-doped fiber laser because it displays the two above-
dx mentioned scenarios of transition to chaos and because it can

—— =F(X,r,cod) 7,r,cog Q' 7+ ¢)).

dr be simulated numerically using a simple model. Although

the additional subharmonic modulation is small, we have
Recently there has been some interest in the influence of tifeund that it may lead to significant changes in the whole
phasep of the secondary modulatiancos{)’' 7+¢). Thisis  bifurcation diagram. We have observed that periodic states
relevant only in problems wher@ and()’ are commensu- may disappear or emerge as a result of the second modula-
rate. The influence of the phase of a subharmonic perturbaion. All previous experimental and numerical studies con-
tion, such ad}/Q)’=n of a modulated system, has already centrated on specific bifurcation points and have led to inter-
been extensively explored in the vicinity of period-doubling esting scaling laws. However, they do not indicate how states
bifurcations by Pisarchik and co-workers on a £@ser disappear or emerge as the result of these small amplitude
with modulated losses. They essentially studied the phasmodulations. The main objective of this paper is to investi-
dependence of small sign@e)amplification nea-2T and  gate these global changes for a periodically modulated laser.
2T-4T bifurcations[7,8]. Meucciet al. also showed that the This paper is organized in the following way: in the next
phase of the parametric perturbation is a crucial parametegection we recall the characteristics of the doped fiber laser
that plays an important role in determining the resultant dy-and of its model used throughout this paper. The third sec-
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LD MOl MO2 Ml Fiber M2 LL HWP  BS F L2 PD
! FIG. 1. Schematic view of the experimental
. }<]‘| setup. LD, laser diode; MO, microscope objec-
‘ tive; M, mirror; L, lens; HWP, half-wave plate;
2?;5;2} BS, beam splitter; F, filter; PD, photodiode.
Power Supply
[oXaNe]

tion reports on the phase dependence of the changes inducealues of the parameters, return maps have also been used.
by the parametric modulation on the period-doubling cascad8uch maps are experimentally obtained through the tech-
transition to chaos and the associated chaotic regimes. Thes&ue of cascade sampling already used in our previous ex-
predictions are compared in the fourth section with experiperimentd14]. They proved useful in assigning quickly qua-
mental observations of the fiber laser operated in the corresiperiodic regimes discussed in Secs. IV and V. In most
sponding situations. The case of a transition via quasiperiocexperiments and simulations reported here, we have chosen
icity is investigated both numerically and experimentally inthe pump parametek as a control parameter. Several other
the two following sections. Conclusions and discussion arehoices are possible. We have checked that qualitatively
presented in the last section. similar results are obtained when the driving amplituger
the driving frequency) is chosen instead & as the swept
parameter.

As the laser emits radiation linearly polarized in two di-

The doped fiber laser has been chosen to study the phasections, it has been modelized as a two-mode system, each
effects of a small parametric perturbation for both technicainode being associated with one polarization eigenstate of
and physical reasons. The main reason is its versatility, i.ethe laser. The corresponding model is an extension of the
its ability to be operated in a variety of dynamical regimes.so-called class-B model in which a term has been added to
By using various modulation conditions, it has been possibléake care of the high level of spontaneous emission in this
to induce both period-doubling cascades and quasiperiodicittaser and the mode-coupling parameferhas been intro-
in this system. Moreover, the fiber laser exhibits relaxatiorduced to account for competition of the two laser sub-
oscillations in the 10-kHz range, allowing easy modulationsystems. The dynamical variables are the population inver-
and detailed observation of its dynamics. The characteristicsion and the intensity in each polarization state. The model is
of the laser and its model were discussed in detdill4]. In  written as[14]
this section, we recall the parameters of the model and of the

Il. THE FIBER LASER

experimental setup which are of interest in the following r'ni:(di+,8dj—1)mi+a(di+ﬂdj),
sections.
A schematic view of the experiment is given in Fig. 1. dl: VAT (1+ B)— (1+my+ Bmy)d,]

The key element is the fiber laser, which is essentially made
of a 3.5-m-long Nd* doped fiber placed between mirrors

with reflection coefficients of 95 and 99.5 % at the operating
wavelength of 1.06um. Therefore, the lifetime of the pho-
tons inside the cavity, which scales times in the model is
equal to 1.6k 10" s and the lifetime of population inver-

sion is approximately equal to 252s, leading to a value of derivatives with respect to a reduced timet/7;. vy is the

the reduced relaxation rate for population inversiprof reduced relaxation time of population inversion in units of

_3 .
0.67< 107" \.N'th the_se _values of the parameters, th_e stan-TC_ a is a parameter characterizing spontaneous emission,
dard relaxation oscillation frequency of the laser is 24.7

. I X _ a is a measure of the relative efficiency of the pumping in
VA—1 kHz [15]. In typical conditionsA is approximately he o sublasers, an@ is a cross-saturation coefficient.

equal to 2 and the main driving is achieved at around 10A(r) is the pump parameter common to the two laser sub-
kHz, i.e., at about half the relaxation oscillation frequency

(see Table)l Pump modulation is achieved by acting on the
current injected in the pump diode. This current is driven by:.

dp= Y @A(7)/(1+B) — (1+my+ Bmy)dy],
wherei=1 and 2,j=3—i, andm; andd; are the reduced

intensities and population inversions of the subsystems asso-
ciated with each polarization mode. The dots represent the

TABLE |. Parameters used in the numerical simulations.

two frequency synthesizers phase-locked to one another anghrameters T-doubling Quasiperiodicity
delivering two signals with harmonic frequencies and a con

trolled phase difference. In this study we consider only quali-8 0.43 0.43

tative behaviors, e.g., shifts of bifurcation points and changes 0.86 0.84

in dynamical regimes; therefore, only the total intensity orA 1.75-2 3.65

one polarization component needs to be monitored in the 0.67 103 0.67 10°3
experiments. Periodic sampling of the fiber laser intensity ah 1.8104 1.2104

the driving modulation has been used throughout this work(/Qx 0.58-0.48 0.4
except in some rare situations. This technique allows clear, 0.42 0.75-0.79
display and direct observation and identification of the bifur-r, 0.01 0.02

cation diagrams of the laser on an oscilloscope. For fixed
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systems. In our experiments the laser is driven by acting on
this parameter, which is easily achieved by modulating the
current injected in the pump laser diode. In the presence of
the main and subharmonic modulations, the parameter
A(7) can be written as

10

A(7)=A[1l+rcoddT+r,codQ7/n+ )],

whereA is the pump parameter in the absence of modulation,
r, and () are the amplitude and frequency, respectively, of
the main modulationy;, is the amplitude of the perturbation,
¢ its phase, and is the rank of the subharmonic. Here, two
subharmonic frequencies are used, correspondimg=ta or

4,

All simulations reported below have been obtained with
the model given above and taking as initial conditions the
results obtained with the preceding value of the control pa-
rameter, namelyA in Secs. lll and IV and 4 in Secs. V and
VI and always with increasing values unless otherwise speci-
fied. This procedure is important when the objective is a
comparison with the experiments because, due to the pres
ence of boundary crises, there may exist large domains of
generalized multistability, i.e., domains of coexistence be-
tween several attractors. In the first series of simulations dis- L w
cussed in the next section, we will present bifurcation dia- $ 182 1% 1% 188 190
grams obtained with both increasing and decreagintp Pump parameter
exhibit clearly the effects due to the existence of such hys-

teresis phenomena. Operating parameters of the Ias'er WETr€ £G. 2. Influence of the amplitude of the fourth<4) subhar-
chosen so that it evolves toward chaos through either gonic perturbation withe=0. (@ No subharmonic modulation

period-doubling cascade or through quasiperiodicity both in_ =g, (b) extremely weak subharmonic modulatiop=5x 104,
experiments and in the numerical simulations. A key paramyc) weak subharmonic modulatian=5x10"3.
eter of these experiments is the ratio of the modulation fre-
quency() to the relaxation oscillation frequend€yg of the (1) At very small values of, , typically r,< 10~ % with
laser (both in units ofrgl). In accordance with previous the conditions of Fig. 2, the main effect of the additional
results, the transition to chaos through a period-doubling cagnodulation is to create a4 periodic response in the low-
cade is readily obtained #/Qz~0.5 if other parameters A region of the bifurcation diagram where the system was
are adequately chosen, while, @/Qg~0.4, this evolution T or 2T periodic forr,=0. As the 2I-4T bifurcation is
occurs via quasiperiodicity. Note that in both cases additiopproached, the amplitude of th& £omponent of the re-
of subharmonic modulation automatically implies subhar-sponse increases, as evidenced by the splitting of the
monic response. This trividlinear effect should be distin- branches of the & solution[see region 1.845A<1.86 in
guished from the nonlinear effects discussed below. Figure 2b)]. This is the amplification of subharmonic per-
turbations already discussed|it6,17 and corresponds to a
zone of linearity with respect to,.
(2) For larger modulations, namely, modulations in the
The period-doubling cascade is the most frequent scenari@nger,~10~4-10 2, the splitting of the & branch be-
of transition to chaos in the fiber laser. Numerical simula-comes prominent and new effects appear regarding the posi-
tions of the driven fiber laser were first carried out on thetion and the nature of the other bifurcations. This is the topic
model presented in the preceding section for a set of paranof the present paper. In this domain, the system would be
eters corresponding to the experimentally accessible situdinear with respect t@, in the absence af;.
tion and in which the response of the system to pump modu- (3) If r, is further increased, typically,~10"! and
lation evolves to chaos through a period-doubling transitiorabove, this additional modulation may not be considered
as the pump parametér increasegsee Table | and Figs. 2 small with respect to the main one. This is the domain of the
and 3. The regions of chaotic behavior end with a boundarydynamics of systems subjected to two equally important
crisis in which the chaotic attractor is destroyed and at largemodulations and will not be considered here.
A values the system evolves in another attractor, here a pe- Examples of the results commonly obtained with<r,
riodic attractor which also evolves dsis further increased. are displayed in Figs. 2 and 3 where we have reported bifur-
Let us first discuss the different kinds of regimes for thecation diagrams to be derived from the observation of one
subharmonic modulation, as they come from the observatiopolarization component withA as a control parameter and, in
of the role of the amplitude, of the second modulation as the case of subharmonic perturbation, wite-4. The top
illustrated, for instance, in Fig. 2. Three domains may bediagram of Fig. 3 is a reference in the absence of the second
distinguished. modulation ¢,=0) and the two lower ones illustrate the

Sampled intensities

Ill. PERIOD-DOUBLING CASCADE—SIMULATIONS
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tence of boundary crises, i.e., switching from a chaotic at-
tractor to a new attractor with a different basin of attraction,
is accompanied by hysteresis phenomena. To illustrate this,
all diagrams are presented in Fig. 3 with both increasing and
decreasing values of the control paraméteComparison of
Figs. 3b) and 3c) with the reference one {=0) [Fig. 3@)]
shows that, depending on the phase of subharmonic modula-
tion relative to the driving, this perturbation induces effects
of different kinds which can be classified as follows.

(i) Shift and magnification of the whole bifurcation dia-
gram with respect to the reference ofidne scenario of tran-
sition to chaos through a period-doubling cascade may be
preserved but the bifurcation points are shifted by an amount
which is phase dependent. Moreover, the distance between
corresponding bifurcations may also be altered by the pres-
ence of the second perturbation. An example of such phe-
nomena is displayed in Fig. 3. In the absence of subharmonic
perturbation[Fig. 3(@], the system undergoes a period-
doubling cascade transition to chaos for k8¥<1.885
with 4T—8T and 8T— 16T bifurcations atA=1.8767 and
1.8812, respectively. When the second modulation is ap-
plied, these transitions are shifted to low&rvalues; the
magnitude of this shift depends on both the amplitude and
the phase of the subharmonic perturbation. As an example,
the 4T— 8T bifurcation that occurs in the unperturbed sys-
tem atA=1.8767 is shifted tA=1.8557 and the 83— 16T
bifurcation appears aa=1.8655 when an in-phase subhar-
monic bifurcation is applied. For a different phageof the
subharmonic bifurcation, e.gg=2=/9, the shifts are much
weaker, since the above-mentioned bifurcations appear at
A=1.8677 andA=1.8745, respectively. More generally, nu-
merical simulations indicate that the magnitude of the effect
strongly depends on the phageof the subharmonic bifur-
cation with respect to the main one. The details of this pro-
cess vary with the operating conditions of the laser and it
should also be noted that these shifts are almost always ac-
companied by dilatation of the period-doubling cascades, as
shown in Fig. 3.

(ii) Generation of periodic regimes in a region where the
reference system, i.e., the unperturbed one, is chaotic, and
vice-versa On one hand, this may be a simple consequence
of the shift and magnification effects presented above, as,
e.g., in the conditions of Fig. 3; foA=1.870 the unper-
turbed system is & periodic and the perturbed one is chaotic
for ¢=0 and 8T periodic for ¢=2=/9. On the other hand,
this could also be due to a change in the attractor, as, e.g.,
with the same conditions but in the range aroudnd1.885,
where the unperturbed system is chaotic and the perturbed
one is 20 periodic foro=0 and¢=27/9. Both perturbed
periodic regimes correspond to limit cycles with no obvious

FIG. 3. Cascades of period-doubling bifurcations calculated forconnection with the original chaotic attractor. Additional
the fiber laser modefa) (top) reference diagram in the absence of studies show that some periodic windows that appeared

subharmonic perturbatiorib) in the presence of in phase€0),
and (c) dephased ¢=27/9) subharmonic rf=4) modulation for
increasing(right-pointing arrowy and decreasingleft-pointing ar-
rows).

phase dependence of the action of the sedsnbbharmonig

within the parameter region of chaotic behavior are canceled
and new windows may be created. An example of this is
obtained slightly outside the range explored in Fig. 3: a new
8T periodic regime is created ne&r=1.97 for ¢=0 in a
region in which the unperturbed laser is chaotic. Conversely,
nearA=2 the unperturbed system i§ Periodic, while it is

perturbation. These diagrams are obtained for phase shifthaotic in the presence of subharmonic modulation at the
¢=0 and 27/9. The latter value was chosen since it maxi-two phases used in this set of simulations.
mizes many of the phenomena discussed below. The exis- (iii) Crisis induction and suppressioA simple examina-
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tion of the bifurcation diagrams shows that the second per-
turbation induces qualitative changes in these diagrams, in
particular in the scenario of transition into and out of chaos.
Several situations are typically encountered: a period-
doubling cascade may be truncated or extended by the sec
ond perturbation. The latter effect is observed near
A=1.885, where the unperturbed system undergoes an inter-
nal crisis in which the attractor suddenly expands, as shown
in Fig. 3(@). This crisis is postponed by the second modula-
tion for both reference phases. Conversely, boundary and
internal crises can be observed in the presence of the subhar
monic modulation, while they are absent from the reference |
bifurcation diagram. For instance, additional simulations
demonstrate that a boundary crisis occurspat27/9 and
A=1.97, where the chaotic attractor obtained with the main
driving only is destroyed in favor of anT8limit cycle for
¢=0 and of another chaotic attractor fp=27/9. All these .
effects are strongly phase dependent but we have not founc ol -
any simple relation between the dephasingnd the magni-
tude of the shift of the bifurcation points. In the system con- 6
sidered here, several attractors may coexist, a situation com- 4
2
P

tensities

m

(b)

Sampled

monly associated with the existence of boundary crises.
When this occurs, the second perturbation usually helps the
system to jump into the basin of attraction of the other and
the crisis occurs for lower values of the driving parameter.
Note that this is a highly nonlinear contribution of the second
modulation in spite of its low value and it may be attributed . ) ) _
to the extreme sensitivity of the trajectories which explore  FIG. 4. Same as Fig. 3 with=2 subharmonic modulatioria)
the limits of the basin of attraction. It is classical that nearReference diagram in the absence of subharmonic perturbéion,
these limit zones, the “equivalent potential” of the system ar_'d(c) n t.he presence otlg-phase(=0) suﬁbsharmonlc.modulatlon
presents extrema, i.e., allows for large explorations with &'t @mplituder,=2x10"%andr,=4x10"", respectively.
small change of parameter. Moreover, here this change is . .
parametrically resonant and its phase may be adjusted to elfion, there are only two branches far from the nonlinear
hance the efficiency of the perturbation. Again using thisr€9ion and(ii) new possiblities open because of the coexist-
potential analogy, it is clear that the phase of the perturbatiof"C€ Of several attractors. For instance, the diagram for
should play a major role. Depending on its timing with re-"2=0-002 shows that there is a switching from one -
spect to the laser response, the additional perturbation m&3jme to another one, which gives rise to the period-doubling
push the system towards the boundary limit or pull it from it, cascade asA is increased. The diagram obtained with
therefore enhancing or retarding the switching toward a neW2=0-004 shows that the switching point shifts to higtter
attractor basin of attraction. values asr, is increased and at large values, typically

The above classification is somewhat contrived, but it of-abover,=0.01, the system switches directly from thi§ 2
fers a global view of how the subharmonic modulation altersattractor to the other 2 attractor, which is the one that ap-
the dynamics of this nonlinear system. Such a global point op€ars beyond the domain of the period-doubling cascade,
view is necessary in order to understand the action of thé€., with 1.9.=A<1.96. For the parameters used in these
subharmonic perturbation. A local point of view would have Simulations and a#\ varies, the system switches between
shown on|y apparenﬂy erratic Changes between chaotic, qué\NO or three different Z attractors depending on the value of
siperiodic, and periodic regimes with no overview of ther2. As this parameter is varied, the continuous transition be-
general organization. Locally, these changes can occur ifween attractors that occurs at low values is transformed
both directions, i.e., they can induce or prevent the appeafnto an abrupt one with associated hysteresis phenomena.
ance of chaos and depending on the parameters chosen £ii) The system is more sensitive to second than to fourth
most all changes in dynamical regimes are possible. Théubharmonic modulation, as is usual for such parametric
general point of view adopted here reveals the organizatiomodulations.
of these changes and allows one to understand how contra-
gi;:itsct)ry effects such as positive and negative shifts may co- |, PERIOD-DOUBLING CASCADE—EXPERIMENTS

Similar simulations were repeated in the case of second A series of experiments has been carried out in order to
subharmonic perturbation, i.en=2. Corresponding results check the predictions of the model. We chose to concentrate
are given in Fig. 4 for various amplitudes of the modulation.here on the case=4. The pump power is modulated simul-
They show that the effects are essentially of the same natutaneously at 7 kHz and 1.75 kHz; the former frequency is
as in the case of fourth subharmonic perturbation, except farpproximately equal to half the measured relaxation fre-
three points(i) Because this is a second subharmonic moduguency of the fiber laser. The pump power is chosen to be

80 I 1.‘82 | 1.%4 | 1.‘86 ! 1.|88 I 1.90
Pump parameter
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simulations given in the preceding section.

(i) The shift of the bifurcation points is clear, in agree-
ment with prediction. For instance, on the left-hand sides of
the photographsA=1.59), the regime i§ periodic in the
reference diagram but becomes chaotic when the subhar-
monic perturbation is applied. Comparison of the right-hand
parts of the three diagrams shows that the general shape of
the bifurcation diagram is not changed by the subharmonic
bifurcation and that the dominant effect is a shift which is
larger for ¢=0 than for¢=2/9, in accordance with the
prediction of the numerical simulations of the preceding sec-
tion.

159 165 170 184 193 (ii) Creation of periodic windows in the chaotic domain
163 1.74 1.87 and vice-versa agrees with prediction. Th€ geriodic re-
gimes, which are visible, for instance, in the central part
(1.71=A<1.74 and 1.7&A<1.83) of Fig. &c) are absent
from the same region in the reference diagram.
(iii) Induction of crises is consistent with prediction. A
small internal crisis is visible on the left-hand side of Fig.
(b) 5(b) at A=1.68, where the system switches from a chaotic to
a 4T periodic attractor.

Sampled intensity (a.u.)

V. QUASIPERIODICITY—SIMULATIONS

When the ratio of the modulation frequency to the relax-
ation frequency is changed from 0.5 to 0.4, the transition to
chaos occurs at largéy values and through quasiperiodicity
instead of the cascade of period-doubling bifurcations. Then
as the pump modulation is increased, the laser first responds
at the modulation frequency, and at larger modulation ampli-
tudes a new frequency with no simple arithmetic relation to
the driving one appears in the laser output intensity. This
transition may be reproduced in the fiber laser model pre-
sented above for the set of parameters given in Table I. Note
also that the spontaneous-emission coefficeritas to be
changed significantly in order to reach quasiperiodicity in the
range of parameters corresponding to experiment. Quasiperi-
odicity could also be obtained for different parameters but
we just want to investigate with a plausible model the effect

1.59 1.68 1.74 1.89 1.93

Sampled intensity (a.u.) Sampled intensity (a.u.)

1.59 LTL L7887 19 of a weak subharmonic parametric perturbation in the tran-
' sition via quasiperiodicity. The Poincasection of the at-
Pump parameter A tractor given by taking periodic samples, i.e., stroboscoping

at the modulation frequency, clearly exhibits a transition at
FIG. 5. Experimental bifurcation diagrams in the cassmef4  r;=0.776 in Fig. 6. A Fourier transform of the laser re-
subharmonic perturbatioifa) Reference diagram in the absence of sponse to modulation shows that the new frequency that ap-
perturbation, (b) in the presence of in-phasep€0), and (c) pears at the bifurcation is approximately equal to O.2T
dephased ¢=2/9) subharmonic perturbation at the same fre- presence of the weak subharmonic perturbation, we note dif-
quency. ferent effects in addition to the trivial linear effect. They are
(i) the shift of the bifurcation to quasiperiodic response to-
the control parameter for obtaining the bifurcation diagramwards higher modulation values, afij an enlargement and
Sweeps of the control parameter are such that the rangeshift of the periodic windows.
A=1.59-1.93 isspanned and typically,=0.025 ;. Note For specific ranges of parameters, it is possible to control
that when it is applied alone, the second perturbation is mucthe dynamics of the laser by acting only on the phase of the
less efficient than the main one because the latter corresecond modulation. For instance, it is possible to switch from
sponds to the condition of parametric resonance. a quasiperiodic regime to a periodic one by taking advantage
Figure 5 shows several bifurcation diagrams obtained unef the shift(i), e.g., by driving the system with an amplitude
der these conditions. Figurgd displays the reference dia- of r;=0.777 and applying a small subharmonic modulation
gram without the subharmonic perturbation, ant)5nd  with r,=0.02 andp=0 [see Figs. @) and &b)]. Similarly,
5(c) are the corresponding diagrams for different phases periodic regime associated with a window inside a chaotic
(¢=0 ande=27/9) of the subharmonic perturbation. They domain can be transformed into a quasiperiodic one by using
are in good agreement with the predictions of numericathe shift (ii) of this window induced by the subharmonic
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\ 0'367 FIG. 7. Influence of the phase of subharmonic perturbation on
0.32 L 5 ‘ . 07‘80 : 07‘84 : 07‘88 the transition point from periodic to quasiperiodic response for two
0712 7 ) ' ’ different sweep rates of the modulation index. The position of the
rl bifurcation to quasiperiodicity is given fd@) increasing modula-
tion amplitudes(b) quasistatic conditiongc) decreasing modula-
i litudes(b) istati ditiongc) d i dul
e e tion amplitudes.
8 0.48
= 044 R perimental sweep rate of about 1 Hz and to a very slow rate
B 040l R 3 (C) ensuring good convergence toward the long-time limit but
o - NN ] experimentally inaccessible. The slow sweep results are re-
8 036" ] ported in Figs. Ba) and gb), discussed above, and Fig$ch
5 03— —— and &d) show two bifurcation diagrams dynamically de-
- 0 ‘ — formed by the nonadiabatic sweep. The abrupt jump in the
O - sampled amplitudes that was observed at the bifurcation
a 048" point in the quasistatic regime is smoothed in both tf® 6
E 0.4 d and Gd) diagrams and the shift of the bifurcation point in-
o 040 ( ) duced by the sweep compounds that induced by the subhar-
7o BN monic additional modulation. The results obtained at a rate
et ] corresponding to experimentally accessible values exhibit a
0% o o 0% 080 dynamical hysteresis shift of the bifurcation points and the

r associated dynamical hysteretic effe(t8,19.
1 The nature and the amplitude of the effects are not modi-

FIG. 6. Bifurcation diagram in the case of a transition to chaosfled when quasistatic conditions are used instead of nonadia-

via quasiperiodicity(a) Reference diagram in the absence of sub-batlc ones_. This is vahdated _by a qganutqnve comparlso_n of
harmonic perturbatior(p) in the presence of in-phase € 0) sub- the evolution of the bifurcation points with the dephasing
harmonic = 2) modulation,(c) and(d) the same with a dynamic ¢ In Fig. 7 we have plotted the evolution of the position of
deformation of the bifurcation diagram induced by a nonadiabatidhe bifurcation to quasiperiodicity, i.e., the sHift discussed
sweep rate. above versus the phase of the second modulation. Both
dynamical and quasistatic results show the same sinusoidal

perturbation. This is the case with=0.781 and a subhar- dependence of the shift versysand all curves are just glo-
monic perturbation withr,=0.02 ande=0 transforms the bally shifted by the dynamicakweep effect. Note that the
unperturbed T periodic response into a quasiperiodic onequasistatic bifurcation point always shifts to larger modula-
[see Figs. @) and Gb)]. tion values as indicated by its position above the reference
As will be seen in the experimental section, the direct(r,;=0.776). Moreover, the shifts may be fitted by purely
recording of the bifurcation diagrams is made difficult by sinusoidal laws such as those indicated by the continuous
technical fluctuations. As a compromise between fluctuationsurves shown in Fig. 7.
and adiabatic sweeping conditions, we had to choose a As already mentioned in the case of the period-doubling
sweep rate in which the bifurcation diagrams are onlycascade, it is necessary to consider the whole bifurcation
slightly deformed by the fast passage across the bifurcationsliagram to understand the change in the dynamics due to the
Numerical simulations have been carried out to check thasecond perturbation. For instance, a single phenomenon such
the dynamical deformation of the bifurcation diagrams doess the shift of the bifurcation diagram may be used to change
not alter drastically the effects discussed here with sweep chaotic regime into a periodic one and vice-versa, depend-
rates similar to those used in the experiments. Two sets dhg only on the operating conditions of the laser and on the
simulations have been carried out for two different sweegphase of the perturbation. It is then clear how and why the
rates of the modulation indexd¢,/dr=6.6x10"1° and phase of the subharmonic perturbation could be used both for
2.2x10 1) corresponding, respectively, to the standard ex-control and for creating chaos.



56 GLOBAL INVESTIGATION OF THE INFLUENCE OF ... 1403

VI. QUASIPERIODICITY—EXPERIMENTS

By adjusting the laser parameters and, more specifically,
the pump parameteh=2.5 and the modulation frequency,
which is now 12.75 kHz and corresponds approximately to 2»
0.40g, it has been possible to observe a transition to quasi-
periodicity in the laser with the main modulation only. In the
first series of experiments, the laser is subjected to an addi-
tional n=2 subharmonic modulation. The amplitude of the
additional modulation was set to 0.02 so as to keep it much
smaller than the main modulation, which was swept between
0.35 and 0.7. This sweep amplitude is much larger than that
used in the numerical simulations because technical noise
induces large fluctuations, especially in the vicinity of the 0.35 0.70
bifurcation points, and large sweeps are required to exhibit : ’
clearly the bifurcation diagrams. Using such large sweeps rl
produces unavoidable dynamical distortions of these dia- —~
grams, as discussed in the preceding section. As for the nu- =
merical simulations, both forward and backward sweeps are \c_v;
superimposed on the display in order to exhibit the hysteresis >
phenomena and the dynamical deformations of the bifurca- .
tion diagrams.

The most striking effect observed experimentally is the
enhancement of the dynamical shift of the bifurcation point
and the associated change in the shape of the bifurcatior
diagram already discussed with respect to numerical results.
This is clear here on the central part of the perturbed bifur-
cation diagram, where the full line associated with the peri-
odic regime obtained for increasing values coincides with the ¢A
spread values of the quasiperiodic regime that exists for a
larger range at decreasimg values.

The exploration of experimental bifurcation diagrams also
revealed a new effect that was not obtained in the numerical
simulations reported above, namely, the switching to a new FIG. 8. Experimental observations of bifurcation diagrams of
attractor induced by the additional perturbation. This pheihe fiber laser in the case of the transition to quasiperiodieityn
nomenon appears clearly on the left-hand side of the diagramhe absence ang) in the presence afi=2 subharmonic modula-
shown in Fig. 8, which was obtained for a first subharmoniction with phasee=137/9. The amplitude of the driving field is
modulation f=2). At large modulation amplitudes, the la- swept between 0.35 and 0.7 at a rate of 1 Hz.
ser switches from the quasiperiodic behavior toTadtrac-
tor that later destabilizes in a quasiperiodic attractor. Theseutput are displayeda) in the absence an(b) in the pres-
new attractors are significantly different from the original ence of the second perturbation. With the main trace, the
ones that appeared in the low- and medium-modulation dotaser intensity varies quasiperiodically with time, while the
mains. This phenomenon is made clearer because of the hygresence of a fourth subharmonic perturbation at 3.1875 kHz
teresis effect that accompanies it, since, as the modulatioand phasep=3/2 changes the original quasiperiodic be-
amplitude is decreased, the laser remains oif atractor in  havior into an § periodic one.

a wider range than for increasing amplitudes until it eventu- The periodicity of the signal in the presence of the sub-
ally switches back to the perturbed original attractor. Thisharmonic perturbation which is already clear in the time
generalized bistability effect must be related to the sequentidface is confirmed by examination of the first-return maps
horseshoe formation already discussed in models of class-8hown in Fig. 10. Such a map is obtained by plotting a
lasers by Schwartz20] and whose effect in the form of sampled value obtained by periodic sampling versus the
generalized bistability has been observed in&%ers since value sampled at the preceding period, which is kept in a
the early experiments on chaos in these lag¥21]. Since  temporary buffer memory. Through such a technique, it has
doped fiber lasers such as the one used in the present expdseen possible to obtain first-return maps in real time on an
ments belong to the same class of lasers, it may be anticbscilloscope. As mentioned above, a series of discrete points
pated that they should present the same phenomenology. corresponds to a periodic regime, while a closed curve is the

In this section, we present some results in the form ofsignature of quasiperiodicity. With the experimental param-
local results, i.e., results obtained for a given set of parameters chosen here, this first-return map is equivalent to
eters and not as full bifurcation diagrams, because here th@ Poincaresection. This section is achieved in a plane
former are more suitable for exhibiting unambiguously someof constant phase of the main modulation, i.e.,
gualitative changes in the dynamical regimes. The basi€)7=const(mod2r) in the cylindrical phase space
change is illustrated in Fig. 9 where time traces of the lasefx(t),Q7,x(t+T)]. For a three-dimensional phase space,

ty (a.u.)

ns1

ampled inte

1t

(b)

ampled intens

0.35 0.70
S
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Intensity (a.u.)

Intensity (a.u.)

FIG. 9. Experimental observation of phase control in the case of
a quasiperiodic regime. Temporal evolution of the laser output in-
tensity(a) quasiperiodic regime in the presence of the driving only,
(b) period-8 response when a weak4 subharmonic modulation
is added (;=0.438 andr,=0.02).

both Poincaresection and first return map are equivalent un-
der these conditions.

The Poincaresection obtained in the absence of subhar-
monic modulation[Fig. 10@] consists of two symmetric
closed curves and are typical of a quasiperiodic regime. We
have explored here the situationrof 2 subharmonic modu-
lation with an amplitude of 0.02 while the main driving am-
plitude is 0.438. Two return maps corresponding to phases
¢=0 andw/18 show that, depending ap, this perturbation

may have the opposite effects. The former drives the system FIG. 10. Experimental observation of phase control from a qua
towards a period-8 respong€ig. 10b)] while the latter siperiodic state in the case of ar2 subharmonic perturbatiofa)

leads it to a chaotic regimié=ig. 10c)]. Note that here con- e - ) X
trol of the dynamics through the phase of the subharmonic'?‘)(iference quasiperiodic statéh) ¢=0 period-8 regime, (c)

perturbation is very efficient and versatile, since it has aIS(§D_7T/18 perturbed chaotic state,=0.438 andr,=0.02.

been possible to set very different dynamical reginpesi- ) o .
odic, quasiperiodic, and chaoist by choosing a different @Mmplitude and a phase of would leave it in the chaotic
phase for the controlling perturbation. domain [see Fig. 1b)]. Note that with ¢=107/9 [Fig.

The reverse control situation is illustrated in the diagramst1(€)] the dynamics are qualitatively changed. The system is
presented in Fig. 11, now with fourth subharmonic modula."© longer in the fully chaotic regime but rather in the C8
tion. More precisely, the unperturbed system is chaotic an§gion of the inverse cascade, which occurs at the beginning
the perturbed one may become periodic or stay chaotic, d&f the chaotic domain.
pending on the phase of the second perturbation, as illus-
trated by the different Poincamgections shown in Fig. 11.
The reference diagram obtained in the absence of the second
perturbation[Fig. 11(a)] is typical of a chaotic regime. An Both experimental investigations and numerical simula-
adequate choice of the phase of the second perturbation, e.tigns show that the phase of a subharmonic modulation plays
¢=297/18 allows one to drive the system into periodic re-a major role in controlling the dynamics of a driven system.
gimes[see Fig. 11d)] while a perturbation with the same To understand even qualitatively the nature of this effect, it

In (au)

VII. CONCLUSIONS
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FIG. 11. Experimental obser-
vation of phase control from a
chaotic state obtained through
quasiperiodicity in the case of an
n=4 subharmonic perturbation
(main driving frequency 12.75
kHz, r,=0.438 andr,=0.02).
Evolution of the Poincaresec-
tions. (@) Chaotic regime in the
presence of the driving only(b)
with added n=4 subharmonic
perturbation ate=m. The re-
sponse is chaotidc) ¢=10m/9
chaotic-8 response and (d)
¢=29m/18 8T periodic response
r,=0.438 andr,=0.02.

Iny (aw)
O
Int1 (a.u.)

In (au.)

Inqq (an)
=
In4q (au)

]n (&1)4) [n (a,LIA)

is necessary to consider globally the bifurcation diagrams. Simulations and experiments reported here are only a
This has allowed us to give a more accurate view of thesmall part of the field open by the use of subharmonic modu-
effects of such small subharmonic perturbations on varioutation. However the variety of the dynamical changes ob-
dynamical regimes including quasiperiodicity and chaos of erved indicate that it should be possible to “tailor” a sub-
nonlinear system. Major changes of the bifurcation diagranftarmonic perturbation to reach the specific regime. It may be
have been observed such as shifts of bifurcations, crises, afdéticipated that other subharmonic ratios should also actively
new attractors. By considering the bifurcation diagram glo-control chaos but with efficiencies that should depend not
bally, we discovered how different regimes emerge or disap@nly on the selected subharmonic ratio but also on the pa-
pear as the amplitude of second modulation is progressivel{Meters that determine the chaotic regime, since the nature
increased. Based on the knowledge gained from these bifu _nd_ the St‘f"b”'ty of “r_‘s_t?‘b'e periodic c_er|ts should play a
cation diagrams, it has been possible to switch from chaotid&or role in the possibilities of controlling chaos.
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